This paper presents a derivation of rate expressions for nonadiabatic proton-coupled electron transfer ͑PCET͒ reactions in solution. The derivation is based on a multistate continuum theory in which the solvent is described by a dielectric continuum, the solute is represented by a multistate valence bond model, and the transferring proton͑s͒ are treated quantum mechanically. In this formulation, a PCET reaction is described as a transition between two sets of diabatic free energy surfaces associated with the two electron transfer states. For PCET reactions involving the transfer of one electron and one proton, these mixed electronic/proton vibrational free energy surfaces are functions of two scalar solvent coordinates corresponding to electron and proton transfer. The Golden Rule is applied to these two-dimensional free energy surfaces in conjunction with a series of well-defined approximations. The contributions from intramolecular solute modes are also included. The final rate expression is similar in form to the standard rate expression for nonadiabatic single electron transfer, but the reorganization energies, equilibrium free energy differences, and couplings are defined in terms of the two-dimensional free energy surfaces. The practical implementation of this rate expression and the calculation of the input quantities are also discussed.
I. INTRODUCTION
Proton-coupled electron transfer ͑PCET͒ reactions play a vital role in a wide range of chemical and biological processes. For example, PCET is required for the conversion of energy in photosynthesis 1 and respiration 2 and for a number of enzyme reactions. 3 PCET is also important in electrochemical processes 4, 5 and in solid state materials. 6 In an effort to elucidate the fundamental principles of PCET, recently a number of experiments on model PCET systems have been performed. These experimentally studied model PCET systems include both oxoruthenium polypyridyl 7 and iron bi-imidazoline complexes. 8 In addition, photoinduced PCET has been studied in a variety of complexes. 9 These types of experimental studies on model PCET systems are becoming more prevalent as the important role of PCET in chemistry and biology is recognized.
The formulation of a theory for PCET is particularly challenging due to the wide range of disparate time scales and the quantum mechanical behavior of both electrons and transferring proton͑s͒. A theoretical formulation must accurately describe the solute electrons, transferring proton͑s͒, and intramolecular vibrational modes, as well as the solvent electronic and nuclear polarization. As a result of these complexities, the theory of PCET has not been developed as extensively as the theory of single electron transfer. To date, two distinct theoretical formulations for PCET have been proposed. The first was developed by Cukier, 10, 11 and the second was developed by the authors of this paper. 12, 13 This paper focuses on the latter theoretical formulation, which is based on a multistate continuum theory.
In our application of a multistate continuum theory to PCET, 12 the solute is described with a multistate valence bond ͑VB͒ model, the solvent is represented as a dielectric continuum, and the transferring proton͑s͒ are treated quantum mechanically. This approach is analogous to previous applications of dielectric continuum theory to single charge transfer reactions. 4, 5, [14] [15] [16] [17] [18] [19] [20] [21] [22] The most basic description of a PCET reaction involving the transfer of one electron and one proton is a four-state VB model derived by combining the standard two-state models for single electron transfer ͑ET͒ and single proton transfer ͑PT͒ reactions. Within this fourstate VB model, the mixed electronic/vibrational free energy surfaces are obtained as functions of two scalar solvent variables corresponding to PT and ET. In general, PCET reactions could be electronically adiabatic or nonadiabatic with respect to both PT and ET. Methodology has been developed to calculate the electronically adiabatic and diabatic twodimensional free energy surfaces. 12 Many chemically and biologically relevant PCET reactions occur in systems with a hydrogen-bonded proton transfer interface connecting a well-separated electron donor and acceptor. For such systems the proton donor and acceptor are strongly coupled due to hydrogen bonding, while the electron donor and acceptor are only weakly coupled due to spatial separation. Thus, these PCET reactions are expected to involve electronically adiabatic PT and electronically nonadiabatic ET.
In this paper we derive rate expressions for PCET reactions in this important regime. We illustrate that for PCET reactions with electronically adiabatic PT, the four-state VB a͒ Author to whom correspondence should be addressed. Electronic mail: hammes-schiffer.1@nd.edu model can be transformed into a two-state model. Even in this two-state model, however, the free energy surfaces depend on two scalar solvent variables corresponding to PT and ET. In the limit of nonadiabatic ET, a PCET reaction may be described as a transition between two sets of weakly coupled intersecting two-dimensional free energy surfaces corresponding to the two ET states. We apply the Golden Rule to these two sets of free energy surfaces to obtain rate expressions for a general solvent and for a Debye solvent in the high-temperature limit. We also present rate expressions including the effects of intramolecular ͑inner-sphere͒ solute modes. The resulting rate expressions are of a similar form as the previously derived rate expression for nonadiabatic single ET. 23, 24 For PCET, however, the reorganization energies, equilibrium free energy differences, and couplings are defined in terms of two-dimensional mixed electronic/proton vibrational free energy surfaces. The precise definitions of these quantities in terms of parameters that can be determined computationally or experimentally is critical for the accurate calculation of rate constants.
An outline of this paper is as follows: In Sec. II we summarize the application of a multistate continuum theory to PCET. First we describe the general four-state VB model, and then we describe the reduction to a two-state model for electronically adiabatic PT. In Sec. III we derive a rate expression for PCET reactions with electronically adiabatic PT and electronically nonadiabatic ET. First we derive a general rate expression, and then we simplify the result for a Debye solvent in the high-temperature limit. At the end of this section we present the rate expressions including the contributions of the intramolecular solute modes. Section IV discusses the relation of these results to previously derived rate expressions and the practical implementation of these rate expressions, including the calculation of the input quantities.
II. MULTISTATE CONTINUUM THEORY FOR PCET

A. General formulation
In dielectric continuum theory a homogeneous solvent is represented by a dielectric continuum characterized by the optical and static dielectric constants ⑀ ϱ and ⑀ 0 , respectively. The solute charge density is embedded in this dielectric continuum. Typically the solvent polarization is assumed to respond linearly to the change in solute charge density. The solvent polarization can be separated into ''instantaneous'' and ''inertial'' parts denoted P ϱ (r) and P in (r), respectively. 25 For notational simplicity, in this paper we will refer to the instantaneous solvent polarization as electronic although, as discussed in Ref. 26 , the inertial solvent polarization may also contain electronic contributions. Moreover, in this paper we adopt the Born-Oppenheimer separation between the solvent and solute electronic time scales. In this approximation, the solvent electrons are assumed to be infinitely fast on the time scale of the solute electrons. 27 In this continuum model, the free energy of the system can be represented as a functional of the solvent inertial polarization P in (r):
where S͓P in ͔ is the self-energy of the solvent inertial polarization and W͓P in ͔ includes the gas phase solute energy and the solute-solvent interaction energy. The interaction term can be expressed in terms of the solute electronic wave function ⌿ as 20 W͓P in ͔ϭ͗⌿͉H͉⌿͘. ͑2͒
Here the Hamiltonian operator H is the sum of the gas phase solute Hamiltonian and the interaction of the solute charge density with the solvent. The most basic PCET system can be represented by a four-state VB model with electronic VB states defined as
Here the symbols D e and A e represent a general electron donor and acceptor, D p and A p represent a general proton donor and acceptor, and H represents the transferring proton. The VB states are labeled as follows: a denotes that the proton is bonded to its donor while b denotes that the proton is bonded to its acceptor, and 1 denotes that the electron is localized on its donor while 2 denotes that the electron is localized on its acceptor. Thus, a and b indicate the PT state, and 1 and 2 indicate the ET state. As shown in Ref. 12 , the free energy can be expressed in terms of the proton coordinate q, the coordinates of the independent intramolecular solute modes Q, and two scalar solvent coordinates x and y corresponding to PT and ET, respectively. Each scalar solvent coordinate represents the difference in interaction energy of the two VB states involved in the charge transfer reaction with the inertial polarization of the solvent. These coordinates are defined as
where D i (r) is the vacuum electric field at point r created by the solute charge distribution ii (r) for the VB state i:
͑5͒
͑In this paper ͐dr denotes a volume integral.͒ These solvent coordinates are identical to those defined in Refs. 12 and 13 in terms of the inertial polarization potential in (r):
The derivations of the rate expressions presented in this paper are based on the solvent coordinates defined in Eq. ͑4͒, but the same rate expressions could be obtained from analogous derivations based on the solvent coordinates defined in Eq. ͑6͒, 15 allowing the inclusion of solute cavity effects. Note that these scalar solvent coordinates are analogous to the standard solvent coordinate used for the description of single PT and single ET reactions.
In general, a four-state VB model would require three solvent coordinates. In this case, the third solvent coordinate would involve the change in charge density between states 1a and 2b. As shown in Ref. 12 , however, for the four-state VB model defined in Eq. ͑3͒ the third solvent coordinate is simply xϩy due to a linear dependency among the VB state densities. Thus, the only linearly independent scalar solvent coordinates in this model are x and y. ͑The off-diagonal densities are neglected.͒
The VB matrix corresponding to the free energy given in Eq. ͑1͒ is 
where the summation runs over valence bond states 1b and 2a, the truncated reorganization energy matrix t t Ј has dimensions 2ϫ2 corresponding to these two states, and (x,y) ϵ(y 1b Ј ,y 2a Ј ). ͑The 1a state is eliminated through a coordinate transformation and the 2b state is eliminated due to the linear dependency among the solvent coordinates.͒ The inertial reorganization energy matrix elements t i j
where K (⑀) is the dielectric Green function 28 for the medium with dielectric constant ⑀ and 1a,1a ͑ r͒ϭ 1a,1a ͑ r͒,
͑In general, the densities ii (r) depend on the proton coordinate q.͒ The second term H 0 (q,Q) has matrix elements
where h 0 is the gas phase solute Hamiltonian and
is the electronic reorganization energy matrix element that accounts for the interaction of the solute with the electronic polarization of the solvent ͑within the Born-Oppenheimer approximation͒. The third term in Eq. ͑7͒ represents the interaction of the solute with the inertial polarization of the solvent. Due to the coordinate transformation eliminating the 1a state, the transformed self-energy is the sum of the actual self-energy of the solvent inertial polarization and the interaction of the density of VB state 1a with the inertial polarization of the solvent. As a result, this interaction is not included in the third term of Eq. ͑7͒. For simplicity, in this paper we assume that the gas phase solute Hamiltonian has the form
where the second term can be expressed in terms of dimensionless reduced coordinates Q k ͑Ref. 36͒ as
Here ⍀ k and Q k J denote the frequencies and equilibrium positions, respectively, for the N intramolecular solute modes, and J indicates ET state 1 or 2. This theoretical formulation may be easily extended to include anharmonic intramolecular solute modes and off-diagonal coupling contributions. Moreover, in Sec. IV we discuss the straightforward extension of this theoretical formulation to include the coupling between the transferring proton and an intramolecular solute mode such as the proton donor-acceptor vibration.
In PCET reactions, the transferring proton behaves quantum mechanically so the proton vibrational mode q must be quantized. The proton vibrational wave functions (i) (q;x,y) corresponding to each electronic VB state i are calculated by solving the one-dimensional Schrödinger equation,
where T q is the kinetic energy of the proton and H ii (q,Q,x,y) is the diagonal element of the Hamiltonian matrix given in Eq. ͑7͒. Note that the change in free energy H ii (q,Q,x,y) along the proton coordinate q is assumed to be similar to the change in potential energy along q. This assumption is reasonable if the q-dependence of the ii ͑r͒ in Eq. ͑10͒ is weak, leading to a negligible dependence of the transformed self-energy given in Eq. ͑8͒ on the proton coordinate q. Due to the assumption of separability of the intramolecular solute modes, the proton vibrational wave functions are independent of Q.
There are three distinct regimes of PCET.
͑1͒
Electronically adiabatic PT and ET, where the coupling between all pairs of the four VB states is strong ͓i.e.,
, and (h 0 ) 1b,2b are large relative to the thermal energy k B T͔. In this case, the adiabatic mixed electronic/proton vibrational surfaces can be calculated as described in Ref. 12 . In the absence of ''slow'' intramolecular solute modes, these surfaces are functions of x and y. In the adiabatic regime, the system evolves on the lowest two-dimensional potential energy surface. This surface could have up to four minima, and the rate for transitions between minima could be calculated using the multidimensional generalization of the Grote-Hynes theory.
29,30
͑2͒ Electronically nonadiabatic PT and ET, where the coupling between all pairs of the four VB states is weak ͓i.e., (h 0 ) 1a,1b , (h 0 ) 2a,2b , (h 0 ) 1a,2a , and (h 0 ) 1b,2b are small relative to the thermal energy k B T͔. In this case, the system can be viewed in terms of electronically diabatic surfaces given by ⑀ (i) (Q,x,y) defined in Eq. ͑15͒. In the absence of slow intramolecular solute modes, the coordinates Q can be treated quantum mechanically with standard methods. Neglecting the dependence of the self-energy on the proton coordinate q, the resulting diabatic surfaces consist of four sets of shifted paraboloids ͑with identical frequencies͒ in the two-dimensional solvent space. These two-dimensional paraboloids are analogous to the one-dimensional parabolas for the twostate single ET Marcus theory. The coupling between a pair of paraboloids i and j is ͗
In the limit of small coupling, the golden rule can be applied to calculate the rate expressions for transitions among these electronically diabatic states.
͑3͒ Electronically adiabatic PT and electronically nonadiabatic ET, where the coupling between PT VB states is strong and the coupling between ET VB states is weak ͓i.e., (h 0 ) 1a,1b and (h 0 ) 2a,2b are large and (h 0 ) 1a,2a and (h 0 ) 1b,2b are small relative to the thermal energy k B T͔. In this case, the four-state VB model can be reduced to a two-state model, and the system can be viewed in terms of ET diabatic states. This is the regime of interest for this paper, and the derivation of a rate expression for this regime is the topic of the remainder of the paper.
B. Electronically adiabatic PT and nonadiabatic ET
For electronically adiabatic PT reactions, the number of VB states can be reduced by eliminating the excited electronic states corresponding to the PT reactions. This is achieved by transforming the electronic VB basis set in Eq. ͑3͒ to another equivalent basis set in which the basis functions are the eigenvectors of the two (2ϫ2) blocks of the matrix in Eq. ͑7͒ corresponding to the VB states ͑1a͒/͑1b͒ and ͑2a͒/͑2b͒, respectively. For electronically adiabatic PT the higher excited electronic states for each block can be neglected, and the system can be described in the basis of the two remaining wave functions,
with corresponding energies
͑19͒
Here r e denotes the electronic coordinates and i (r e ) is the wave function corresponding to VB state i. The matrix corresponding to the free energy in this new basis set is H͑q,Q,x,y ͒ϭS͑ q,x,y ͒Iϩ ͩ
where the coupling between the two electronic states ⌿ I and
The proton vibrational states can be calculated for each of the two new basis states by solving the Schrödinger equation analogous to Eq. ͑15͒ with H ii replaced by the diagonal elements of the (2ϫ2) matrix given in Eq. ͑20͒. The resulting ET diabatic states are denoted ⌿ I (r e ;q,x) I (q;x,y) and ⌿ II (r e ;q,x) II (q;x,y) with free energies ⑀ I (Q,x,y) and ⑀ II (Q,x,y). The coupling between a pair of states I and II is
where the subscript of the angular brackets indicates integration over q. Due to the assumption of separability of the intramolecular solute modes, the free energies of the ET diabatic states may be expressed as
where the second term is defined in Eq. ͑14͒. The free energy surfaces U J (x,y) are parabolic along the y coordinate but are not exactly parabolic along the x coordinate due to the complicated x-dependence of E I (q,Q,x) and E II (q,Q,x) and the averaging over the q coordinate for the different vibrational states. For example, in general these surfaces could be double wells along the x coordinate, as found for single PT reactions. For typical PCET reactions, however, these surfaces have been found to be approximately parabolic along the x coordinate at the energies of interest. 13 This approximately parabolic form results from the small reorganization energy for PT relative to the difference in energies for VB states 1a and 1b and for VB states 2a and 2b. Even for symmetric PT interfaces, the transferring electron introduces significant asymmetry between PT states a and b. Moreover, the reorganization energy for PT is decreased by the presence of the relatively large electron donor and acceptor.
The derivation in this paper is applicable to systems for which the free energy surfaces U J (x,y) are approximately harmonic in x and y. In this case, these surfaces can be expressed with a Taylor series expansion as
where Ū J ϭU J (x J ,ȳ J ) corresponds to the minimum of the paraboloid. Neglecting the dependence of the self-energy on q and the nonlinear x-dependence of E I and E II , the quantities ⌳ xx , ⌳ yy , and ⌳ xy are simply the second derivatives of the self-energy term and can be expressed as
Here PT and ET are the reorganization energies for the uncoupled PT and ET reactions and are defined in terms of the reorganization energy matrix elements ͓Eq. ͑9͔͒ as
In addition, ␥ represents the interaction of the density 1b,1b with the inertial polarization caused by the density 2a,2a ͑or equivalently, the reverse interaction͒ and is defined as
͑27͒
Within this harmonic approximation, we can introduce generalized Marcus parameters for the two-dimensional surfaces. The free energy difference between the minima of the two-dimensional surfaces is denoted
and the reorganization energy with respect to the twodimensional surfaces is
These quantities are illustrated for a pair of paraboloids in Fig. 1 . In the limit of weak coupling V (x), the golden rule can be used to derive a rate expression for the PCET process represented by transitions from the set of reactant states I to the set of product states II. Note that the transition between a pair of paraboloids may be electronically nonadiabatic ͓i.e., V (x)Ӷk B T] even in the limit of electronically adiabatic ET ͓i.e., (h 0 ) 1a,2a , (h 0 ) 1b,2b Ͼk B T] due to the averaging of the coupling over the proton vibrational wave functions. In particular, for mechanisms in which both the electron and the proton are transferred, the reactant and product proton vibrational wave functions are localized near the proton donor and acceptor, respectively, leading to very small couplings V (x). Moreover, as indicated by Eq. ͑24͒, the two-dimensional paraboloids are assumed to have identical frequencies but may have different minima (x J ,ȳ J ). These shifts result from the different mixtures of PT states ͑leading to different equilibrium solvent configurations͒ for each ET diabatic state. Figure 2 presents a schematic illustration of the two lowest reactant and product ET diabatic states for a PCET reaction, where the states are labeled according to the dominant VB state. Note that the minima are shifted within each set of states due to the different dominant VB states. The derivation of a rate expression for nonadiabatic transitions between these two sets of states is presented in the next section.
III. RATE EXPRESSION FOR NONADIABATIC PCET
A. Golden rule rate expression
A nonadiabatic PCET reaction in solution can be viewed as a nonradiative transition between two dense manifolds of quantum ET diabatic states which correspond to the reactants and products in the reaction. For our derivation of the rate expression, initially the inertial polarization of the solvent will be represented by a collection of modes with coordinates . As above, the proton coordinate is denoted q and the other solute modes are denoted Q. In this notation, the ET diabatic mixed electronic/proton vibrational states for the reactants and products have energies ⑀ I (Q,) and ⑀ II (Q,), respectively, with corresponding wave functions ⌿ I (r e ;q,) I (q;) and ⌿ II (r e ;q,) II (q;). The first step in this derivation is to quantize the solute modes and inertial solvent modes and to calculate the two sets of resulting vibronic states corresponding to reactants and products. As above, we assume that the solute modes Q and the inertial solvent modes are separable and that the solute modes are harmonic with parameters independent of the proton vibrational state , A number of other assumptions are required for the derivation presented below. The first assumption is that the coupling V(q,) between reactant and product states ⌿ I and ⌿ II is independent of for the regions of interest. In this case, the coupling can be expressed as
where the subscripts of the angular brackets indicate the integration variable and V ϭ͗ I ͉V(q,)͉ II ͘ q is assumed to be constant. The second assumption is that the PCET reaction is in the nonadiabatic regime, i.e., the coupling defined in Eq. ͑35͒ is assumed to be small compared to the thermal energy k B T. The third assumption is that the standard conditions required for application of the golden rule are satisfied, 31 i.e., the solvent relaxation time is assumed to be short enough to assure thermal equilibrium in the reactant states during the reaction and the reaction is assumed to be irreversible.
The nonadiabatic rate constant for nonradiative transitions between two sets of quantum states ⌽ ␣m I and ⌽ ␤n II is given by the standard golden rule expression,
where
are the Boltzmann distribution functions for the reactant states. Using the Fourier representation of the Dirac delta function, together with Eq. ͑35͒, Eq. ͑36͒ can be rewritten in the following form: where the Hamiltonians H Q J and H J are defined in Eqs. ͑31͒ and ͑32͒, respectively.
As indicated by Eq. ͑34͒, the distribution functions for the reactant states can be factorized into components corresponding to the proton modes, inertial solvent modes, and intramolecular solute modes, respectively:
In this case, Eq. ͑38͒ can be rewritten as 32 kϭ 1
where we have introduced the auxiliary functions
Here ͗ . . . ͘ H I denotes a thermodynamic average over the solvent motion on the surface U I (), and ͗¯͘ H Q I denotes a thermodynamic average over the intramolecular solute modes on the surface U Q I (Q). The Heisenberg operators
describe the time evolution of the energy gaps between the reactant and product states governed by the Hamiltonians H I and H Q I , respectively. Finally, the symbol exp (ϩ) ͓¯͔ designates a positive time-ordered exponential. 34, 35 The exact expression for the function g Q (t) for the oscillator Hamiltonian given in Eq. ͑31͒ is 16, 31, 32 
where ⌬Q k ϭQ k II ϪQ k I is the displacement of the equilibrium position for the kth intramolecular solute mode.
B. Evaluation of rate expression for the continuum model
In this section we utilize the continuum model summarized in Sec. II to evaluate g (t) given in Eq. ͑42͒. The first step is to describe the dynamical process involving the inertial solvent modes in terms of the two collective solvent modes defined in Eq. ͑4͒. This description involves replacing ⌬Ĥ I () with U II (x (),ŷ ())ϪU I (x (),ŷ ()). Here x () and ŷ () can be expressed in terms of the Heisenberg operator for the solvent inertial polarization P in (r,) using Eq. ͑4͒,
The time-dependent solvent inertial polarization can be expressed as
where P in I (r) is the equilibrium inertial polarization corresponding to the minimum (x I ,ȳ I ) on the surface U I (x,y) and the operator ␦P in I (r,) describes the dynamical fluctuations of the inertial polarization around its equilibrium value.
As described in Sec. II, for many PCET systems the energies U J (x,y) are approximately harmonic in x and y. In this case U J (x,y) has the form given in Eq. ͑24͒, and g (t) can be expressed as
͑49͒
where ⌬G 0 and are defined in Eqs. ͑28͒ and ͑29͒, respectively, and
is analogous to the starting point in the derivation of the nonadiabatic rate constant for a single ET reaction in the framework of dielectric continuum theory. 16 An analogous derivation to that presented in Ref. 16 ͑using the inertial polarization rather than the total polarization͒ leads to
for an arbitrary dielectric function ⑀()ϭ⑀Ј()ϩi⑀Љ() describing a homogeneous continuum medium. The definitions given previously in this paper can be used to derive the identities
͑57͒
Using these identities, Eq. ͑53͒ can be converted to the following form:
͑58͒
Substitution of Eqs. ͑46͒ and ͑58͒ into Eq. ͑41͒ leads to the general nonadiabatic rate expression for PCET in solution.
C. High-temperature limit for the Debye solvent
In this section, we derive the rate expression in the high-temperature limit for a Debye solvent in the absence of intramolecular solute modes. For a Debye solvent, the dielectric function has the form
where D is the Debye relaxation time. In this case, Eq. ͑58͒ can be expressed as
͑60͒
where L ϭ⑀ ϱ D /⑀ 0 is the longitudinal relaxation time for the solvent. For most solvents, at room temperature បӶk B T for the dominant contributions to the integral in Eq. ͑60͒, so a hightemperature approximation can be utilized. In this case, expanding the hyperbolic functions in Eq. ͑60͒ to first order in ប/k B T and integrating over leads to
This is a general expression for a Debye solvent in the hightemperature limit. In the absence of the intramolecular term g Q (t) we can estimate the integral over t in Eq. ͑41͒ using the stationary phase approximation ͑i.e., the saddle point method͒. 37 If the function g (t) decays very rapidly and the integral converges to sufficient accuracy at ͉t͉Ӷ L ͑i.e., k B T L 2 /ប 2 ӷ1), we can use the asymptotic value of the integral. This condition is satisfied for typical charge transfer reactions. Expanding the exponentials up to first non-vanishing order in ͉t͉/ L leads to
Application of the saddle point method leads to the final nonadiabatic rate expression in the absence of intramolecular contributions,
͑63͒
This expression is of a very similar form as the well-known rate expression for single ET in solution with intramolecular solute modes treated quantum mechanically in the low temperature limit. 23 We emphasize, however, that the previously derived expressions do not include coupling between the intramolecular solute modes and the solvent and hence are inappropriate for describing the transferring proton mode. Our formulation includes couplings among the electrons, transferring proton͑s͒, and solvent. Thus, in Eq. ͑63͒ the reorganization energies, equilibrium free energy differences, and couplings are defined in terms of two-dimensional mixed electronic/proton vibrational free energy surfaces. Moreover, the reorganization energies are defined separately for each pair of ET diabatic surfaces due to the different positions of the minima within the sets of reactant and product states. This rate expression will be discussed further in Sec. IV.
D. Contribution of the intramolecular modes
The treatment of the intramolecular solute modes in the present formulation of nonadiabatic PCET does not differ formally from the case of single ET. The corresponding theory for single ET was developed previously. 23, 31, 36 In our notation, the general expression for the total rate constant including the contributions from N intramolecular solute modes with harmonic frequencies ⍀ k and displacements ⌬Q k has the form 31, 36 kϭ 2
where the summations over the indices l i and m i are from 0 to ϱ. This expression is valid for a broad temperature range provided that the high temperature approximation is still valid for the solvent modes. In the low temperature limit for the intramolecular solute modes ͑i.e., when ប⍀ k ӷk B T), the above expression reduces to 36 kϭ 2
͑65͒
This limiting case may be encountered for systems where the important intramolecular solute modes correspond to fast motion such as localized high frequency vibrations. In the high temperature limit ͑i.e., ប⍀ k Ӷk B T), the final rate expression differs from Eq. ͑63͒ only by a modified reorganization energy, which also includes a contribution from the intramolecular ͑inner-sphere͒ reorganization, 31 kϭ 2
is the intramolecular ͑inner-sphere͒ reorganization energy. This limiting case may be encountered in systems where the important intramolecular solute modes correspond to relatively slow motion, such as internal rotations.
IV. DISCUSSION AND CONCLUDING REMARKS
In this paper we derived rate expressions for nonadiabatic PCET reactions in solution. These rate expressions are particularly applicable to systems involving PCET between a well-separated electron donor and acceptor connected by a hydrogen-bonded proton transfer interface. For such systems the proton donor and acceptor are strongly coupled due to hydrogen bonding, leading to electronically adiabatic PT. In contrast, the electron donor and acceptor are only weakly coupled due to spatial separation, leading to electronically nonadiabatic ET. This regime of PCET is important in a wide range of chemical and biological processes.
In our theoretical formulation a PCET reaction is described as a transition between two sets of ET diabatic free energy surfaces corresponding to the reactants and products. These free energy surfaces are obtained with a multistate continuum theory, in which the solvent is represented as a dielectric continuum, the solute is described with a multistate VB model, and the transferring proton͑s͒ are treated quantum mechanically. The most basic PCET reaction involving the transfer of one electron and one proton can be represented in terms of four VB states derived from the two PT states and the two ET states. For electronically adiabatic PT, this model can be reduced to two basis states that are mixtures of PT states. Calculation of the proton vibrational wave functions for each of these diabatic states leads to the two sets of ET diabatic free energy surfaces representing the reactants and products. These mixed electronic/proton vibrational free energy surfaces are functions of two scalar solvent coordinates corresponding to PT and ET. Thus, the coupling of the PT reaction to the solvent results in an additional solvent coordinate that is not present in the standard Marcus theory for single ET reactions. Note that this general approach is related to previous studies of two-electron transfer reactions, which also involved the introduction of two solvent coordinates to describe the two ET reactions. [38] [39] [40] Due to fundamental differences between PT and ET reactions, PCET reactions represent a special case of multiple charge transfer reactions. The reorganization energy is substantially smaller for PT than for ET since the donoracceptor distance is significantly smaller for PT than for ET. In addition, for systems in which the PT interface connects a bulky electron donor and acceptor, the PT reorganization energy may be decreased due to shielding of the PT interface from the solvent. As a result of this disparity in reorganization energies for PT and ET, the range of relevant solvent coordinate energies is substantially smaller for PT than for ET. In addition, typically the energy difference between the PT states is large relative to the reorganization energy for PT. ͑Even for symmetric PT interfaces, the transferring electron introduces significant asymmetry between the PT states.͒ In this case the ET diabatic free energy surfaces exhibit single-well character along the PT solvent coordinate for the relevant energies. Thus, these surfaces may be approximated as parabolic along the PT solvent coordinate. In contrast, these ET diabatic free energy surfaces have the standard form of two weakly coupled intersecting parabolas along the ET solvent coordinate.
These characteristics of the ET diabatic free energy surfaces for PCET allow us to describe PCET as a transition between two sets of weakly coupled intersecting paraboloids associated with the two ET states. The frequencies of both sets of paraboloids are approximately identical. The minima of the paraboloids within each set, however, may vary due to different mixtures of the two PT states. The magnitudes of these shifts reflect the degree of coupling of the PT reaction to the solvent. Furthermore, the couplings between the intersecting paraboloids may vary significantly for different pairs due to averaging over the proton vibrational wave functions. Note that this averaging of the couplings over the proton vibrational wave functions may significantly decrease the couplings between the free energy surfaces for PCET in comparison to single ET. In addition, as discussed in Ref. 41 , vibrationally nonadiabatic effects within the reactant and product sets of free energy surfaces may be incorporated into this formulation by choosing the appropriate representation ͑i.e., vibrationally diabatic instead of vibrationally adiabatic͒.
Within this theoretical framework, we used the golden rule to derive a rate expression for nonadiabatic PCET. The derivation presented in this paper involves the following well-defined approximations: ͑1͒ the two-dimensional ET diabatic free energy surfaces are assumed to be exact paraboloids with identical frequencies; ͑2͒ the coupling between these surfaces is assumed to be constant for each pair of states for the relevant energies; and ͑3͒ the intramolecular solute modes are assumed to be harmonic and uncoupled to the solvent or proton vibrational modes. Under these conditions, the general rate expression is given by substituting Eqs. ͑46͒ and ͑58͒ into Eq. ͑41͒. This general rate expression is valid for an arbitrary dielectric function ⑀() characterizing the dielectric continuum solvent. Invoking the additional assumptions of a Debye solvent in the high-temperature limit leads to the simplified rate expression given in Eq. ͑63͒. Inclusion of the intramolecular solute modes leads to the general rate expression given in Eq. ͑64͒ and the rate expressions in the low and high temperature limits with respect to the intramolecular solute modes given in Eqs. ͑65͒ and ͑66͒, respectively.
The rate expression given in Eq. ͑63͒ is very similar to the standard rate expression for nonadiabatic single ET in solution with an intramolecular solute mode treated quantum mechanically in the low-temperature limit. 23 A single ET reaction can be described in terms of two diabatic states with free energies that depend parabolically on a single scalar solvent coordinate. The solute mode vibrational states can be calculated for each of the two diabatic states. This procedure results in two sets of one-dimensional parabolic free energy surfaces with identical frequencies, where the minima within each set are also identical. For a single intramolecular solute mode Q, the expression for nonadiabatic single ET is
where V 12 is the constant coupling between the two ET states, P m (1) is the Boltzmann factor for state 1m, is the constant reorganization energy defined for the two onedimensional parabolic diabatic states, ͗ m (1) (Q)͉ n (2) (Q)͘ is the overlap between the solute vibrational wave functions, and ⌬G mn 0 is the equilibrium free energy difference between solvated vibrational states 1m and 2n. Note that this equation is valid only if the solute modes are not coupled to the solvent. In general, the transferring proton in PCET reactions is coupled to the solvent. Thus, the application of this equation with the identification of the transferring proton as the inner-sphere solute mode is not valid for general PCET reactions.
In contrast, our derivation of Eq. ͑63͒ includes the couplings among the electrons, transferring proton͑s͒, and solvent. The inclusion of the coupling between the PT reaction and the solvent leads to three fundamental differences between Eqs. ͑63͒ and ͑68͒. First, in Eq. ͑63͒ the reorganization energies, equilibrium free energy differences, and couplings are defined in terms of the two-dimensional ET diabatic mixed electronic/proton vibrational free energy surfaces. As shown in Fig. 1 , the equilibrium free energy differences ⌬G 0 and reorganization energies are two-dimensional extensions of the Marcus theory parameters and are defined in terms of two-dimensional paraboloids instead of onedimensional parabolas. Second, in Eq. ͑63͒ the reorganization energies are different for each pair of intersecting ET diabatic surfaces due to the varying positions of the minima within the reactant and product surfaces. In contrast, in Eq. ͑68͒ is a constant and is the same for all pairs of intersecting parabolas. Third, the coupling V in Eq. ͑63͒ is defined in Eq. ͑22͒, where V(q,x) is defined in Eq. ͑21͒. Since V(q,x) is a linear combination of the couplings between the original four VB states with weightings depending on the proton coordinate q, it must be averaged over the product of proton vibrational wave functions. In contrast, V 12 in Eq. ͑68͒ is a constant that is the same for all vibrational states.
The practical implementation of this rate expression is straightforward and has already been illustrated for PCET through asymmetric salt bridges. 13 The only input quantities required for the calculation of the ET diabatic free energy surfaces are the gas phase VB matrix elements and the solvent reorganization energy matrix elements. The gas phase VB matrix elements can be represented as molecular mechanical terms with parameters fit to either electronic structure calculations or experimental data. The reorganization energy matrix elements can be calculated with standard electrostatic continuum models. The proton vibrational states J (q;x,y) are calculated numerically for each ET diabatic state from Eq. ͑15͒. As shown in Fig. 1 , the equilibrium free energy differences ⌬G 0 and the reorganization energies may be calculated directly from the ET diabatic free energy surfaces by identifying the minima of the approximate paraboloids. In addition, the reorganization energies may be calculated analytically from the reorganization energy matrix elements and the coordinates of the minima using Eqs. ͑26͒, ͑51͒, ͑52͒, and ͑55͒. The coupling V may be calculated using Eq. ͑22͒, where V(q,x) is defined in Eq. ͑21͒. Recall that the couplings V are assumed to be independent of the solvent coordinates. Typically this coupling is evaluated at the solvent coordinates corresponding to the lowest energy crossing point of the two surfaces.
As mentioned in the introduction, an earlier theory for PCET was developed by Cukier and co-workers. 10, 11 This alternative theory differs from the formulation described in this paper in a number of fundamental ways. In contrast to the multistate continuum theory described in this chapter, Cukier and co-workers did not calculate mixed electronic/ proton vibrational free energy surfaces as functions of two solvent coordinates. Instead, they calculated ''solvated proton potentials'' obtained by assuming the inertial ͑or nuclear͒ polarization of the solvent responds instantaneously to the proton position. ͑This is the opposite limit as the standard adiabatic limit of the fast proton vibrational motion responding instantaneously to the slower inertial solvent motion.͒ Cukier and co-workers calculated adiabatic proton vibrational wave functions for the solvated proton potentials for the two relevant diabatic electronic states and calculated values for the reorganization energy for both ET and EPT using dielectric continuum models. They used Eq. ͑68͒ in conjunction with these two different reorganization energies to calculate two separate rates for ET and EPT. As discussed above, however, Eq. ͑68͒ was derived for a single ET reaction described by a single solvent coordinate with an innersphere solute mode that is not coupled to the solvent. The direct application of this equation does not accurately account for the coupling of the proton to the solvent in PCET reactions.
Thus, the rate expressions derived in this paper represent a new approach for calculating rates of nonadiabatic PCET reactions in solution. These rate expressions are applicable to a wide variety of chemically and biologically important PCET systems. Moreover, this theoretical framework may be extended in several ways to cover an even broader range of systems. First, this framework may be used to derive rate expressions in other regimes. For PCET reactions involving adiabatic ET and adiabatic PT, the system evolves on the lowest adiabatic two-dimensional potential energy surface. The rate for transitions between the minima could be calculated using the multidimensional generalization of the Grote-Hynes theory. 29, 30 In addition, the coupling of the transferring proton to an intramolecular solute mode such as the proton donor-acceptor vibration may be included in this formulation. If this mode is slow, it can be treated in the same way as the solvent coordinates ͑i.e., the ET diabatic free energy surfaces would depend on the solute mode as well as the solvent coordinates͒. If this mode is fast, it can be treated quantum mechanically in the same way as the transferring proton coordinate ͑i.e., the vibrational wave functions calculated for each diabatic state would depend on both the transferring proton coordinate and the extra intramolecular solute mode͒. Finally, this theoretical formulation may also be extended to include more than two charge transfer reactions. As shown in Ref. 12 , a process involving N charge transfer reactions may be described with 2 N VB states and N solvent coordinates corresponding to the individual charge transfer reactions. Thus, a PCET reaction involving the transfer of one electron and two protons may be represented with eight VB states and three solvent coordinates. Such a reaction is described as a transition between two sets of three-dimensional ET diabatic free energy surfaces. The generalizability of this theoretical formulation is an important feature for the study of more complex systems.
